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1. INTRODUCTION

It is well known that although the collection R, of all rational functions
r,= p,/q., where p, and g, are in the collection =, of all polynomials of
degree n, is a much larger class than x,, it does not improve the orders of
approximation in general For instance, the approximation order of the
class Lip o, 0 <a < 1, from both R,, and =,, is O(n ~*). S“o, why do we study
rational approximation when it is so much easicr to obtain polynomial
approximants? There are at least two very good reasons. First, certain
physical models are described by rational functions. An important example
is the realization of a digital filter. While polynomials give only finite
impulse responses, the transfer function of a digital filter described by a
rational function is recursive, and with the feedback parameters, yields
infinite responses. The second reason is more familiar to the approximation
theorist, namely: while best approximation from =, is saturated, this is
certainly not the case in approximation by rational functions. The most
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famous example is the ome given by Newman [6] where uniform
approximation of |x| on [—1,1] from R, was considered. Although the
order of approximation from =, is only O(n™'), it is O(e~~") from R,,
which is a very substantial improvement. Newman’s work has generated
much interest in approximating piecewise smooth functions by rational
functions in the late sixties and early seventies (cf. [1, 4, 5, 8, 9], for
instance). In digital filter theory, the given ideal amplitude filter charac-
teristic is also a piecewise linear function and it must be realized by means
of a rational function. Judging from the previous work on rational
approximation in recursive digital filter design (cf. [ 2, 3], for exampie}, we
believe that rational approximation with some suitable weight functions
improve the filter performance. This motivates our research in charac-
terization of weights in weighted rational approximation of piecewise
smooth functions, and in particular, piecewise analytic functions.

To facilitate our discussion, we need the following notation and
definitions. Let A: 0=x,<x,< -+- <X, <X, . ;=1 be a partition of the
interval [0, 1]. For convenience, we will also use 4 to denote the set
{xy, ., X,,} of interior partition points. Denote by A4(4) the collection of
all complex-valued continuous functions on [0, 1] whose restrictions on
each I;=[x;, x;, ] are analyticon [, j=0, ..., m, and by C(4), the collec-
tion of those whose restrictions on each I; belong to C*(Z}, the class of
functions with sth order continuous derivatives on 7, j=0, .., m. Let w be
an arbitrary weight function; 0 < w(x) < co for almost all x on [0, 1 ]. For
any measurable function f defined on [0, 1], we will use the notation

{6 1/(0) 7 w(x) dx }'” if 0<p<oo,
{CSS SUPocr<t S (XN wlx) if p=co

11 Lptw) =

and

Lp(‘v) = {f’ Hf” Lp(n')< (X)}, 0< p< 0.

Of course, if 1< p< oo, |||, defines a norm for the space L,(w). To be
more precise, we let R, [, ] denote the collection of all rational functions
1./4, where p, are in 7, and are relatively prime with ¢,(x)#0 for all x in
[a, b]. In addition, set R,=R,[0,1] and R={,, R,. The “distance” of f
from R, will be denoted by

en(f)L,,(w) = lnf{ “f— rn“ Lp(w): rn € Rn},

where 0 < p < o0, and for any weight function w on [0, 1], set

U, (w)= {xe [0, 13: | w(t) dt = oo, for all é>o}

(x—-8,x+38]n[0,1] J
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if 0 < p<oo, and

U,(w)={xe[0,1]: ess sup w(t)= oo, for all §>0}.

fx—36.x+6]1n[0,1]
For any sets

92{61,.“, 6&} and j[:{#i,..., iuk},

where 0<60;< .- <8,<!t and u,..,u.>0, denote by W (O, .#),

4
0 < p < oo, the collection of all weight functions w on [0, 1] that satisfy the

following conditions:
(i) U,(w)=@ and
(i) TTE |- — 0" L,(w).

For any constant B> 1, let §,=6,(B)= B~~", and for any given weight
function w in W,(0, .4 ) and a small 6 >0, write

‘g,:s(B) = 5,1 ”X[e,—a,a,—a,,] H Lap(w) + H(' - 9:) X[6;— 6. 9:](‘ )|| Lp(w)?

E4AB)=38,1r6,+ 60 0.1 51 Loy + 10 =0 Xpo,, 0,4 8,1 (I 05

and

&(B)= )Y min(é,(B), & (B)),

Bse® g

where, and throughout, as usual, y, denotes the characteristic function of
the set J and an empty sum is considered to be zero.
Our main result in this paper is the following:

THEOREM 1. Let 0 < p< 0. Then a necessary and sufficient condition for
€.(f),00) 0, as n > oo, where f is an arbitrary function in A(A)\R, is that
there exist © and .# such that we W (0, .#) and if @ N A # $, then to each
8.0 n 4, it follows that

lim II(-—05)x[esfa,e,](-)llL,,(w)=0 (a)

56—~0%
aor

6l_i’fgl+ lI(- —95)X[05,6:+6](')”L,,(w)=0' (B)
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Furthermore, if we W (O, .#) for some @ and .4, then there exisi constanis
A and B, with both A> 1 and B> 1, such that

el /) Ly = O(A™~") + O(&,( B)) ()
Jor any [ in A{A).

It is well known (cf. [10, 117]) that if w=1, then e,(f),,,= Ole *¥")
for any f in A(4). Hence, it would be of some interest to characterize the
weight functions w for which

el f)L,00=0(e™*>") (2}

for some 4>0 and any f in A(A4). Our result in this direction can be stated
as follows.

THEOREM 2. If corresponding to every 8,€ @ N A, we have p <1, then
there is a >0 such that for any 0<p<oc and any we W (0, .4 ), the
estimate in (2} holds for all f in A(A).

On the other hand, if there is a 0, € @ N A such that the corresponding g,
is at least 1, then 10 any positive A, there exists a w in W_ (0, .#), satisfying
{0) and (B), and an fe A(A) so that the sequence {e"’wze,l(f)Ly_m} is
unbounded.

2. PRELIMINARY RESULTS

We need several lemmas. The first one is a resuit of Newman [6].
LemMMa [ Let n=exp(-—- 1/\/;) and p(x)=TT1;25 (x +1%). Then

<n"

=

Ip(—X)
p(x)

for " <x< 1.

The second result we need is the following.

LemMa 2. Ler &y,..,¢,e[~1,0)u(0,1], pu>0 and p,>0, j=1, .., 4
Then for any constants 9, B, C, ¢, and ¢, ..., £, satisfying

0<d<d, 1< BWItl <o, C>1, and ¢>0,
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there exist rational functions r,eR,, [ —1, 1], where m,=n+ 0(\/; ), such
that

o)  for xel[—n"n"],
Blul+1\/n - ~
0(( ) )H |x—&—&B " |x — B~V

e

§j>0
Jor xe[n" 1],
BLuI+1\/n -
[sgn x —r,(x)| = 0<< p ) )Hfx—-fj—sjB‘V'"I”flx—eB‘\/’—’["
£ <0

for xe[—1, —y"],

q -
oC ") I 1x—&—e,B~V»

j=1

for o< x|,

n—1

where n=e """ and the “O” terms are independent of x.

Proof. We define our r, by

, (X_)”PI(X)PQ(X) P3(x) — P(~x) Py(—x) P3(—x)
" 1P1(»V)P2(x) Py(x)+ Py(—x) Py(—x) Py(—x)

where
P(x)= H (x+'1k)l+[ln C/iln 8)(In(1 = 8))]
0<k<(2In(1/8)+1) /n
k
Pa(x) = [1 (x+1%),
QIn(/8)+ 1) Jn<k<n
and

9 ~ —~
Py(x)= [ (x+1&+e,B V)41 (x4 gB=Vr)luI+1,
Jj=1

It is clear that r,eR,, where m,=n+ 0(\/; ). To verify the other required
properties, we note that since both sgn(x) and r,(x) are odd functions of x,
it is sufficient to consider 0 < x < 1. In the following estimates, # is always
assumed to be sufficiently large.

For 0<x<n", since both [P (x) Py(x)Ps(x)] and [P,(—x) Py(—x)
x P3(—x)] are positive, we actually have |r (x)] < 1.
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Next, let 7" <x < 1. Then
lsgn x —r,(x)| = 2{P(—x) Py(—x) P3(—x)!
o |Pi(x) Py(x) Py(x) + Pi(—x) Py(~x) Py{—x)|

2 |Py(—x)|
T ®(x)— | Py(—x)|

OMeolx—¢—g BT "1 x—eB ")

, (3}
D(x)—K,
where K, = max{|P;(x)]:0<x<1} and
d5(x)=ipl(x) Poy(x) Py(x) .
P(—x) Py(—x) |
Since 4" < x < 1, we have, from Lemma 1, that
n—1 YY)
1 < H x—n’ _ i _
PD(x) joolx+n’ (gB—\fn)[u]HHj:l |gz/+£jB‘\'"l[#;]+l
1 -
B["]“,’e)‘ n (4;

< p g
glud+1 l_[;!:l |(1/2) le[”’]+’(

so that the estimate for x e [#", 1] is established.

Finally, let § < x < 1. Then k, can be chosen, depending on x, such that
n*o*t < x < n*. But independent of x, we have k, < [\/I; in{1/8)]. Thus, it
follows that

1 —
&(x)

Pi(—x)
Pi(x)

0(1)’

- /) 5 —3n
X—V.il‘ [in Ciln d)iintt — 6]+ 1

=o) H x+r’;’k

ko+1<k<2In(l/3)+1)n

ZO(l) H ix_Wki[100‘1“5)(1“11*5)5]1‘1

ko+lshk<(2In(lid)+1)n
=0(1)(1 - 5)\"2 In(1:6){[ln C'(tn &)In(1 —6))] + 1}
=0(C~™).
Hence, by using (3) and (4), we have verified the estimate for d < x< 1.

Remark 1. Lemma 2 holds if B=1and {,+5,#0, j=1...4q.

The following result of Bernstein is well known.

630 54.2-3
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LEMMA 3. Let f be analytic on [a, b]. Then there exists a sequence of
polynomials p, in n, such that

If = Pall ofasy=OCe™*")
for some 4> Q.

The key lemma in this paper is the following resuit.
Lemma 4. Let ©@={0,,..,0,}, M ={u, .. w}, and A={x,x,} be
given. If we W (0, 4) and
flx)= X[,r],xz](x)(x —x)(x —x3) fi(x),
where [\ is analytic on [x,, x, ], then
enl /)1y = O(AT~") + O(e,(B,)) (5)

for some constants A, > 1 and B, > |.

Proof. Choose a sufficiently small >0 so that f; is analytic on
[x;,—6, x;+d]and 0. ¢ [x, — 3, x;)U(x;, x,+ 6], s=1, .., k. Construct a
polynomial p, of degree <X g (. ,3([#,1+ 1) such that

po(x)=filx)= [l (x—0)t1*" g(x),

Os€ [x1,x2]

where g is also analytic on [x,—9J, x,+6]. By Lemma 3, there is a
polynomial p, of degree K[\/n]—> ([p,]+ 1) such that

|g(x) = py(x)| = Ofe ")
uniformly on [x, — 4, x, +8]. Set

pAx)=polx)— ] (x—0)01* 1 p(x).

Ose [xy,x2]

Then p, is a polynomial of degree K[\/Z] and satisfies, uniformly on
[xl —5’ '\’2+5]a

PAX) = filx)=0(e~™) [T |x—8,*~ (6)

Ose[xi1.x2]

First, let us assume that @ n 4 =¢. Then by Remark 1, we see that there
exists a rational function r, of degree 2n + 0(\/;—2 ) such that
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O(1) for xelx,—n" x;+n"Tvlen—9" x,+7"],

_ k
0(e~") I 1x—6.1*

y=1

() =ty a1l = for xé¢[x,~n", x +7"Ju lx;— 9" x,+ 1",

o(C~") [T Ix—6,"

s=1

for xe[x,~8 x,+3].

Since there is some A’ >0 such that
pa(x)= 0"~
uniformly on [0, 1], we have, by setting C=e¢* **,
S0 = X () = x 1 )(x — x3)(f2(x) = palx))
+ Xy — X)X — X3) pa{x)
=0le ") [T 1x = 0,% 4 r(x)(x = x){x = X3} plx).

This implies that
l?m,‘(f‘)!‘,,(u') < ||f( : ) - rn( N )( T xl )( T xl) pZ( : )” Lp(w)

[T1-—6,»

Also, since m,=2n+ 0(\/r; ), we have
eu(f) Ly =0l ™~"2) O(K™") = Ofe "),

=0(e™v") =0(e™").

il Lpiw)

Now suppose that x, =0, € 6. Set x' =x, —2B~~" where
1{ ( 1\
B==<{1l+exp|————!>.

2 P\

If n is large enough, then 8,¢ [x’, x,), s=1, .., &, and an application of (6}
yields
ok
f(x)=0(ev'") H fx— 0"+ X100 — X, )X — x2) palx)

s=1

- X[x’,xl](x)(x — X )(x— x3) pa(x)

—_ k
=0(e ~") [ x84+ J,— T, (7)
s=1
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It is easy to see that
721l Lw) S Clll-—x,i A xi— 28—~ % «B-v”;]( ! Lp(w)
+Cl =Xl Xy — 5= a1 (Nl Ly SO(L) 6, (B). (8)

By Lemma 2, there exists a rational function r, of degree 2n+ 0(\/1;)
such that

’X[x',xz](x) —_rn(x)l
- 0(1) for xel[x'—y", x" +9"1U[x,—n" x,+14"],

_ K
O(B[”“’]“/e)‘/" H lx_eslu:

s=1

= { for xe[x'+n" x,—n"JO[0, x" —y"] U [x,+ 4" 1],
_ k
O(C—~") [T Ix—8,1*
s=1

for xe[0, 1]\[x,—6, x,+d].
Thus, if we write
J1= (A px,01(X) = (X)) (x — X )(x — x,) py(x)
+ (x = x()(x — x3) pa(x) r,(x)
=J{+ry(x), )
then
”J1X[x'—r,".x'+q"]” L(w) = omyli(-—x,) X[x'—q".x’+r1"]( 3l Ly(w)
= 0B~ 1t s.01- 5=Vl o) = O(E, o (B)):
By setting C =exp(A’ + 1), it follows from (7), (8), and (9), that

1f =l o = O(e ")+ O(BL1* o)V + (&, (B)),

n.so

where r¥* is a rational function of degree 2n + 0(\/;). By setting

Ay=(¢/B0I*1)1"3  and B, = B3,

we obtain

en(f )Ly = OLAT V") + 08, (B1))-
Similarly, replacing &, (B;) by &}, (B,), we also obtain

el ) Lyom=O(ATY") + 08}, (B))).

Thus we have established the lemma for the special case @ N 4 = ¢.
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If x,=0,,€0 N 4, then a similar estimate also gives (5).
Now, suppose that both x, =0, and x,=0,, belong to the set &. Set

x'=x,—2B~" and x"=x,—2B ",

where

B=—1-+—1-min {exp (—1—> exp (———1——)}
22 Cu, I+ 177 lu 1+ 1/)

For all sufficiently large », we have 0,¢ [x, x,)u[x", x5}, s=1,..k By
{6), we see that

-k
Fx)=0(e ") ] Ix=0," + ype ()X = x }x = X2) palx)

s=1

- X[x'..v:l](x)(x_ X )(x —x;) pa(x) + X[x",_rg](x>(x—' X ){x —x3) pr(x)
_ Kk
=0(e ") [] lx— 0,1+ K, — K, — K. (10)

s=1

Therefore, we have

1Kol oy = O(1) &5-,(B) (11)

7,51

and

HKJHL,,(»'):O(I)0@""‘5,(3)- (22)

Write

Xrwo1(X) = 3 {sgn(x — x') —sgn(x — x"}}.

By Lemma 2, there are rational functions 7, and #, of degree n+ O(\/,:z}
such that

oty for |x—x|<n"
O(BL1+ el [ [x—0,1"
s=1
[F{x)—sgn{x—x")| =" for lx—x'{=n"and xe[0,1],
0(C~~" ﬁ x —0,%
s=1

for |x—x'|>dand xe[0, 1],



190 CHUI AND SHI

and
- 0(1)  for |x—x"|<n",
OB+ ey ] x— 0,
s=1
[Fo(x)—sgn(x —x")| = for [x—x"|=n"and xe[0, 1],
O(C—7 [T fx—0,4%
s=1
for |x—x"|2éand xe[0,1].
Set

r(x) =3 (F.(x) = £,(x0))(x — x )(x — x3) p(x).
Then by (10), (11), and (12), we have
1f =l 100 = O(e™V") + O(BWa1* e 4 O(Blal* 1/e)v
+0(6,,(B) +0(8, ,(B)),

n,s|

and this, in turn, yields

S iy = OlAT V") + O(8,, (B)) + &, ,(B1)),
for some 4,>1 and B, > 1. Similarly, we have

)y =OATY") + O, (B)) + & (B))),

n,s1

en(f)L,(w)=O(Af""n)‘i‘O(éaJr (By)+ &, (By)),

n,s| n,sy

and
)iy =O0A; ")+ O(&}F (B)) + &

n,s)

B,))

moal

Hence, combining these estimates, we obtain (5). This completes the proof
of Lemma 4.

Remark 2. If x,=0 or x,=1, then the conclusion in Lemma 4 also
holds.

We also need the following lemma.

LemMMma 5. If 0<d6 <A, then

. A
inf |sgn X—rn(x)”LL[—;.. _5jurs, 4] = CXP <—7T2”/2 In '5) (13)

rn€ Ry
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This result is a simple consequence of the following estimation derived
by Goncar [5]:

. [, 1
inf {lsgn x— 7, (X)L ;-1 5100017 = €XP k—ﬂ'n/z In 5/‘

rn€ Rp

3. PROOF OF THEOREM |

We are now ready to prove the first theorem. To prove the necessity
direction, let r, € R such that

Lf = rall £ = 0. (14}

If U,(w) were an infinite set, then we always have

fe* — "n(x)”L,,(w; =0

for any r,, which contradicts with (14). Let U (w)=6={8,, .., 8,} and
set d=qmin, ., (10,—0,,,|. We first observe that for every s,
s=1,.., k, there is a positive y, such that |- — 81" e s0.+57~1017(")

€L, (w). Indeed, if for some 55, 1 <5, <k, we have
|- — 950| Y A0, —5.055+61n ro.17{" ) éLp(W;" M=12.,

and for any fe A(4)\R we have e,(f), (,,— 0, then there exist r, e R such
that

H(f"";{)X[emfé.oyﬁa]n [O,I]HL,;(W)S Hf_rn|1L,.(\,vl—‘>0

so that, since M and § are arbitrary, we see that

JON=ru0,),  f'0)=rub,), . fUO)=18), .,

and this implies that f=r, on some fixed interval. As a consequence,
r.=r, for all m, and this vields f=r,eR, which is a contradiction.

Suppose that for x;=0, € 4" O both (a) and (B) do not hold. We first
consider the case 0<p<oc. Let f(-)=|-—8,]. If for some sequence
{r,} =R, we have ||r,— f, ., —0, then r, must be of the form

pn—l(x)

rn(x) = (X - 930) q”(x) 5

where p, , and g, are polynomials of degrees »— ! and n, respectively.
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Thus, for any small 4 >0,

059+ 6
[ ir) = 10017 wix) dx

5 —
J9m+6
O~ &

Since both (a) and (B) do not hold, we have

r

pnfl(x) lx_gxolpu)(x)dx<oo- (15)

gn(x)

sgn(x—0,,)—

50 O+ 6
j Ix—6,|” w(x)dx=o00 and x—0, |7 w(x)dx=c0.  (16)
85— ) 9;0

From (15) and (16), it follows that there are two sequences «, |8, and
B,180,, such that

(pnfl(al)/qn(a/))_(pn—l(ﬁ{)/qn(ﬁf)) 1

> — 0. (17)
Bs—a, B,—oa,
This implies that
d pn~l(x)>
il bl 15064 =00 18
(dx qn(x) x =40, ( )

which is not possible. Hence, for 0 < p < o0, (a) or (B) must hold.

Next consider p= o0 and again assume that both (a) and (B) do not
hold. Then there exists a positive number a such that for any 4>0 the
measures of the sets E; = {xe[0,—4,0,]: [x—0,|w(x)>a}and E}f =
{xe[0,,0,+4]: |x—0,|w(x)>a} are positive. If e,(f),,.,— 0, then
there exist p,_, and g, such that for all large »,

ess sup Pn—ifX) 1(x)

a
—sgn(x—0,)] [x—0, | w(x)<=.
xEE;’uE{ qn(x) 0 ’ ) 2

Hence, there exist two sequences of numbers o, | 0, and f§,16, such that
(18) holds, and this is again impossible.

We now consider the sufficiency direction. Since &,(B) — 0 when one of
the conditions (a) or (B) is satisfied, the sufficiency direction follows from
the second part of the theorem, which we are going to establish. That is, we
must show that there exist A > 1 and B> 1, such that

e[ )1 o0 = O(A V") + O(&,(B)).
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For every f € A(4) there is a polynomial p, of degree m such that

J(x)— po(x)= Z Xl, (\_V )x xj+17 gj(x)

j=0

where g; is analytic on [;, j=0, .., m. By Lemma 4 and Remark 2, we see
that there exist constants 4,>1 and B;> 1, such that

en(f;')L,,(w) = O(AJ'V V‘"’;;) + 0(€n(Bj))v .;iz 1: oy 1

Setting A =min; 4; and B =min; B; completes the proof of the theorem.

4. PROOF OF THEOREM 2

If corresponding to each 8, @ " 4 we have u, <1, then
& (B)=0(B ")
for some B,> 1. Hence, by (1) we obtain
e f) i 0= O0(A ")+ O(&,(B))=O(e ¥,

where A=ming .o, {In 4, In B,}. This completes the proof of the first
half of the theorem.

To verify the second half of the theorem, let us consider the case where
A4=0={4} and 4 = {1y} with 4;> 1. Let >0 be arbitrarily given and
we now construct our weight function w as foliows.

Let g,=>e *v" such that &,>&,>--- and ¢, -0, and define
5;=0,_,/¢’% j=1,2, .., with §=1. Set

( 1
sJ.*:max%\,, in o 1F})>
=

and

1 ) S ! .
Hj——_[§~5j,§—oj+ljlu['2—+5j71,§+Oj].

Then our weight function w is defined by

1 ~1
X—E‘ .

X)=Y el ot (x)

640:54;2-6
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It is clear that we W _ (6O, .#). Let

Sx)=|x—3

x——l.
Then if
”("j+1 ~f)wl L,[0,1] < %0,

r;+1 must be of the form
1\ _pix)
nt=(x-3) 20
J

so that Lemma 5 gives

14 L
14 1= FIWN L ro11 2 V851 | ———sgn < ___)
qdj+1 2

2 \/ef exp(—n(j+1)/21n(3,/8;, 1))
= 6}"“6‘”2.

Lo(H))

Hence, we have

. t 1 1
e nen(f)L,c(w) Z— en(f)Ld,(w) > % en(f)Lﬁ(w) = = 0.
&y &n 2e" ~/ E:f

This completes the proof of the theorem.

5. APPROXIMATION OF PIECEWISE SMOOTH FUNCTIONS

By modifying the proofs and constructions in the above discussions, we
can also establish analogous results for the class C°(4). We state these

results without giving the details in the following.

THEOREM 3. Let 0 < p < oo and s be a positive integer. Then for any f in

C*(AN\R, a necessary and sufficient condition for

en(f)L,,(w) -0

is that the conditions of Theorem 1 are satisfied and p,<s for all j=1, ..., k.

Furthermore, if we W,(0, .4 ) for some O and M with p;<s, j=1, ..
then there exists a constant B> 1 such that

el i = 08BN +0 (55 3 w(17) )

s
i
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where f; denotes the restriction of f on I, and w|(f;, 1/n), the L -moduius of
continuity of f,.

TueOrREM 4. Let 0 < p< oo and s be a positive integer. Suppose that
we W, (0,.#) where u;<s for all j=1,.,k. If 1o every §;e @4, the
corresponding p; is less than 1, then

m 1
et wn=0 (% 0(7.2) )

/

for each e C5(4).

If there is some 0,,€ ©@ N A with the corresponding u; > 1, then for any
arbitrary sequence ¢,}0, there exists a weight function we W (0, #),
satisfying (o) and (B) whenever @ N A + ¢, and an fe C(A) such that

g_ en(f}L,,(w) — 0

n

as n— 0.

Of course the second half of Theorem 4 follows from the proof of
Theorem 2 with the same function f.

REFERENCES

1. A. A. ABpuGaBrov, Rational approximation of functions with a convex derivative, Dok/.

Acad. Nauk SSSR 10 (1972), 3-4.

. C. K. Cxul AND A. K. CHaN, Application of approximation theory methods to recursive

digital filter design, IEEE Trans. Acoust. Speech Signal Process. 30 {1982), 18-24.

3. C. K. CHut anp X. C. SHEN, Degrees of rational approximation in digital filter
realization, in “Rational Approximation and Interpolation” (P. Graves-Morris, E. B. Saff,
and R. S. Varga, Eds.), pp. 189209, Springer-Verlag, New York/Berlin, 1985.

4. G. Freup, Uber die Approximation reeler Funktionen durch rationaler gebrochene
Funktionen, Acta Math. Hungar. 17 (1966), 313-324.

5. A A. GoNCaR, Rapidity of rational approximation of continuous functions with charac-
teristic singularities, Mar. Sb. (N.S.) 73 (1967). 630-638. English transl. in Math
USSR-Sb. 2 (1967).

6. D. J. NewMan, Rational approximation to |x|, Michigan Mazh. J. 11 (1964), 11-14.

7. V. A. Porov AND P. P. PETRUSEV, The exact order of the best approximation to convex
functions by rational functions, Math. USSR-Sh. 32 {1977), 245-251.

8. V. A. Porov anD J. SzaBaDOs, On a general localization theorem and some applications
in the theory of rational approximation, dcta Math. Hungar. 25 (1974), 165-197.

9. J. SzaBapos, Rational approximation of analytic functions with a finite number of
singularities on the real axis, Acta Math. Hungar. 20 (1969), 159-167.

10. P. SzUsz aNp P. TUurAN, On the constructive theory of functions [, Magyar Tud. Aked.
Mat. Kutato Int. Kézl 9 (1964), 495-502.

it. N. S. VialesLavov, Rate of approximation of piecewise-analytic functions in the
L-metrics, 0 < p< oo, Math. USSR-Sb. 36 (1980), 203-212.

o



